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1987 Ruan [12] operator space ( $egB(H)$ subspace)
Effros (X, $\phi$) :
$X$ normed space, $\phi$ bounded linear map (7) category $\mathrm{B}^{\mathrm{a}}\text{ }(X, \phi)$ : $X$ operator space, $\phi$
completely bounded linear map ( cb-map) category
normed space $X$ dual $s_{x*}$ C*- $C(S_{X^{\prime)}}$ subspace
$X,Y$ normed space. $\Phi$ $X$ $\mathrm{Y}$ linear map
$\Phi$ : $C(S_{X^{*)}}\supset xarrow Y\subset C(S_{\mathrm{Y}^{*}})$
$\Phi$ : $b_{oun}ded\Leftrightarrow\Phi$ : completely bounded $||\Phi||=||\Phi||_{cb}$ . cb-map
Normed space $X$ – $\mathrm{A}\mathrm{a}_{\mathrm{o}}$ $M_{mn}(X)$ norm 2
$R1$ ), $R2$ ) operator space $0$
Ruan’s Theorem $X$ $M_{mn}(X)$ norm normed space
$R1)||v \oplus w||=\max\{||v||, ||w||\}$ $(v\in M_{mn}(x), w\in M(pqV))$
$R2)||\alpha v\beta||\leq||\alpha||||v||||\beta||$ $(v\in M_{mn}(x), \alpha\in Mm(pc),$ $\beta\in M_{nq}(c))$
$X$ operator space completely isometric $0$
$c*$ - $M_{mn}(X)$ norm
$||[x_{ij}]||_{\min\sup}=\{||\phi(_{X_{ij}})|||\emptyset:Xarrow C, ||\phi||\leq 1\}$
–
$||[Xij]||_{\max}= \sup\{||\phi(_{X_{ij}})|||\emptyset:Xarrow B(H), ||\phi||\leq 1\}$
[1]
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1979 Wittstock [14] C*- $A$ injective C*- $B$ selfadjoint
cb-map
$\emptyset=\phi_{1^{-\phi 2}}$ , $||\phi||_{cb}=||\phi_{1}+\phi_{2}||_{cb}$
completely positive map ( $\mathrm{c}_{\mathrm{P}^{-\mathrm{m}\mathrm{a}}\mathrm{P}}$ ) $\phi_{1},$ $\phi_{2}$
Haagerup [7] C*- $A$ von Neumann $N$ cb-map cp-
$N$ injective
Operator space category dual (operator dual) $c*$- dual
$c*$- operator dual ( $C^{*}$- operator dual $c*$- , $C^{*}-$
operator dual C*- operator dual) $\mathrm{c}\mathrm{b}$-map cp-
2Matrix ordered operator spaces
‘ C*- $A$ dual $\mathrm{c}\mathrm{p}$-map Lance [11]
$M_{n}(A^{*})\ni[f_{ij}],$ $M_{n}(A)\ni[x_{ij}]$ $[fij][Xij]= \sum_{i,j=1}f_{i}nj(X_{ij})$
$M_{n}(A^{*})^{d}e=Mfn(A)*$
$A,$ $B$ $c*$ - $A$ $B^{*}$ $\mathrm{c}\mathrm{b}$-map $CB(A, B^{*})=0$
Positivity cb-map
Effros, Ruan, Blecher, Paulsen $[1,4]$ operator dual
$\circ$
$V,$ $\mathrm{T},V$ operotor space
,
$\varphi$
$V$ $W$ linear map $\varphi$
completely bounded
$\varphi_{n}$ : $M_{n}(V)arrow M_{n}..(W),$ $[x_{ij}]\mapsto[\varphi(X_{ij})]$
. $\sup_{n}||\varphi_{n}||<\infty$ cb-norm $||\varphi||_{c}b=\mathrm{s}\mathrm{u}\mathrm{p}n||\varphi_{n}||$ $V$ $W$
$\mathrm{c}\mathrm{b}$-map $CB(V, W)$
Definition 21 $V$ operator space
$M_{n}(V^{*})\ni[f_{ij}],$ $V\ni x$ $[f_{ij}](_{X})=[fij(x)]\text{ }$ $||[f_{ij}]||=||[f_{ij}|||_{c}b$
$M_{n}(V^{*})=CB(defV, c)$ $M_{n}(V^{*})$ $V^{*}$
operator dual
Operator dual ( dual ) Ruan Rl), R2)
$\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}_{\mathrm{o}}\mathrm{r}$ space $V,$ $W$ operator space
131
$CB(V, W^{*})=(V\otimes^{\wedge}W)^{*}$
$\mathrm{c}\mathrm{b}$-map $[1,4]_{\circ}$ $V\otimes^{\wedge}W$ $M_{n}(V\otimes$
$W)$ , operator projective tensor norm $||||_{\wedge}$ $(\mathrm{n}=1)$ $\circ$
$||x||_{\wedge}= \inf||\alpha||||v||||w||||\beta||$
$x$
$x= \alpha(v\otimes w)\beta=\sum\alpha_{s,i}kv_{i}j\otimes w_{k}\iota\beta j\iota,t$
$\alpha=[\alpha_{s,ik}]\in M_{n,pq}(C),$ $\beta=1^{\beta_{j\iota_{t}]}},\in M_{pq,n}(C),$ $v=[v_{ij}]\in M_{p}(V)w=[w_{kl}]\in M_{q}(W)$ .
operator dual positivity
positivity Lance compatible positivity
Lemma
Matrix ordered space $X$ cone $M_{n}(X)^{+}\subset M_{n}(X)_{h}$ $*$ -vector space
$\gamma=[\gamma_{p,q}]$
$\gamma^{*}M_{n}(X)+_{\gamma Mm}(\subset X)^{+}$
matrix ordered space $X$ $\mathrm{Y}$ linear map $\varphi$ completely positive
$\varphi_{n}$ : $M_{n}(X)arrow M_{n}(\mathrm{Y}),$ $[x_{ij}]\mapsto[\varphi(X_{ij})]$
$\mathrm{n}$ positive map
Lemma 22 $X$ matrix ordered space . $[f_{ij}]\in M_{n}(X^{*})$ 5
(1) $Xarrow M_{n}(C):X\mapsto[f_{ij}(x)]$ et completely positive,
(2) $M_{n}(X)arrow M_{n}(C):[x_{ij}]-[f_{ij}(X_{ij})]\#\mathrm{h}$ positive,
(3) $\mathrm{i}1/I_{n}(x)arrow M_{n}(C):[x_{ij}]\mapsto[f_{ij}(X_{ij})]$ ea completely positive,
(4) $M_{n}(X) arrow C:[x_{ij}]\mapsto\sum f_{ij}(X_{ij})l\mathrm{h}$ positive,




positivity completely positivity –
. Lemma 1.1 (1) (4) matrix ordered operator space operator dual
cone Lance – matrix ordered space
$M_{n}(V^{*})^{+}=$ { $\varphi\in CB(V,$ $M_{n}(C))|\varphi\#\mathrm{h}$ completely positive}.
$V$ matrix ordered operator space $V^{*}$ matrix ordered operator
space completely isometric
$Varrow V^{**}$
completely positive order isomorphic [cf. 1,2,4]
$CB(V, W^{*})$ $V\otimes^{\wedge}W$ $M_{n}(V\otimes^{\wedge}W)$ cone
$C_{n}=\overline{\{\alpha(v\otimes w)\alpha\in*M_{n}(V\otimes\wedge W)|v\in M(pV)^{+},w\in M_{q}(W)^{+},\alpha\in Mn,pq(C)\}}^{1}|||_{\mathrm{A}}$
$M_{n}(V\otimes W)$ $x,$ $||x||_{\wedge}<1$ $x=\alpha(v\otimes w)\beta$
$\alpha=[\alpha_{S},ik]\in M_{n,\infty^{2}}(c),$ $\beta=[\beta j\iota,t]\in M_{\infty^{2},n}(C),$ $v=[vij]\in M_{\infty}(V)$
$w=[w_{kl}]\in M_{\infty}(W)$ $||\alpha||||v||||w||||\beta||<1$
Proposition 2.4 $V$ $W$ matrix ordered operator space $V\otimes^{\wedge}W$ matrix
ordered $\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}$ space
$M_{n}(CB(V, W))$ cone $cP(V, M(nW))e\mathit{4}_{V}d$ $M_{n}(W)$ $\mathrm{c}\mathrm{p}$-map
$*- \mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}[\varphi_{ij}]*(x)=[\varphi_{ji}(x^{*})^{*}]$ matrix ordered operator space
Proposition 2.5 $V$ $W$ matrix ordered operator space $CB(V, W)$
matrix ordered operator space
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flip map $\theta$ : $V\otimes^{\wedge}Warrow W\otimes^{\wedge}V,$ $a\otimes b\mapsto b\otimes a$ ea completely isometric isomorphism
Proposition 26 $V$ $W$ matrix ordered operator spaces \theta : $V\otimes^{\wedge}Warrow$
$W\otimes^{\wedge}V$ $*$ -preserving completely positive order isomorphim $\circ$
$V,$ $W,$ $X$ operator space $CB(V\otimes^{\wedge}W,X)$ $CB(V, cB(W, x))$
completely isometric operator space
Theorem 2.7 $V,$ $W,$ $X$ matrix ordered operator space o completely
isometric isomorphism $CB(V\otimes^{\bigwedge_{W}},x)\cong cB(V, CB(W,x))[]\mathrm{h}*$-preserving completely
positive order isomorphism
$X$ $C$
Corollary 28 $V$ $W$ matrix ordered $\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}$ space matrix oredered
operator space $CB(V, W^{*}),$ $CB(W, V^{*}),$ ( $V\otimes^{\bigwedge_{W)^{*}}}\text{ }(W\otimes^{\wedge}V)^{*}\}\mathrm{h}*$ -preserving completely
positive order (completely isometric) isomorphic $0$
$V$ $W$ $c*$- $C_{n}$ Banach*-
$\Sigma v_{i}\otimes w_{i},$ $\Sigma a_{j}\otimes b_{j}\in V\otimes W$ , $*$-operation
$( \sum v_{i}\otimes wi)(\sum aj\otimes bj)=\sum viaj^{\otimes}w_{i}b_{j}$
$( \sum v_{i}\otimes w_{i})^{*}=\sum v_{i}\otimes w_{i}^{*}*$
$V\otimes^{\wedge}W$ Banach*- positivity positive linear functional
$\mathrm{c}\mathrm{p}$-map
Theorem 2.9 $A$ $B$ $A\otimes^{\wedge}B$ Banach*-
(1) $x\in A\otimes^{\wedge}B$ $\varphi(x^{*}x)\geq 0$
(2) $x\in C_{1}$ $\varphi(x)\geq 0$
(3) $\varphi$ $CB(A, B^{*})$ $\mathrm{c}\mathrm{p}$-map
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$C^{*}$- dual $\mathrm{c}\mathrm{b}$-map $\mathrm{c}\mathrm{p}$-
Haagerup norm
Theorem 2.10 $A$ $B$ C*- $A$ $B^{*}$ completely bounded map
completely positive $A$ $B$
3Operator systems and tensor products
dual $c*$- $\mathrm{c}\mathrm{b}$-map self-adjoint
$B(H)$ subspace operator system o operotor system matrix ordered
operator space 0 $A$ $B$ $B(H)\text{ }$ $B(K)$ operator system
$A\otimes B$ operator injective norm $||||_{}$ , $A\otimes B\subset B(H\otimes K)$




$A\otimes^{\mathrm{v}}B$ positive cone Hilbert spaces
Lemma 3.1 $A$ $B$ operator system o ,
(1) $x\in(A\otimes^{\vee}B)^{+}$
(2) Hilbert spaces $H,K,$ $\varphi\in CP(A, B(H))\psi\in CP(B, B(K))$ , $(\varphi\otimes$
$\psi)(x)\in B(H\otimes K)^{+}$
(3) $[f_{ij}]\in M_{n}(A^{*})^{+}$ $[\mathit{9}k\iota]\in M_{m}(B^{*})^{+}$ , $[f_{ij}\otimes g_{kl}(x)]\in M_{nm}(C)^{+}$
$A$ $B$ operator space , $A\otimes^{}B$ $CB(A^{*},B)$ completely isometric
isomorhism ,
Proposition 3.2 $A$ $B$ $\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}$ system , completely isometric $\varphi$ : $A\otimes^{\vee}$
$B^{\mathrm{c}}arrow CB(A^{*}, B)$ completely positive order isomorphism
$R$ $S$ $B(H),$ $B(K)$ $\sigma-weak$ closed operator system $R\otimes S$
$\sigma$ –weak closure $R\overline{\otimes}S$ $B(H\otimes K)$ positivity
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Lemma 3.3 $R$ $S$ $\sigma-week$ operator system o ,
(1) $x\in(R\overline{\otimes}S)^{+}$




(3) $[f_{ij}]\in M_{n}(R_{*})^{+}$ $[g_{kl}]\in M_{m}(S_{*})^{+}$ , $[f_{ij}\otimes g_{kl}(x)]\in M_{nm}(C)^{+}$
Effros Ruan } $R$ $S$ $\sigma-weak$ closed operator system $R_{*}\otimes^{\wedge}S_{*}arrow$
$R_{*}\otimes^{\vee s_{*}}$ $R\overline{\otimes}S$ $(R_{*}\otimes^{\wedge}S_{*})^{*}$ completely isometric $\sigma$ -weak homeomorphic
$[6]_{0}R$ $S$ $\sigma$ –weak closed operator system
Theorem 3.4 $R\text{ }S\mathrm{B}^{\grave{\grave{\mathrm{a}}}_{\text{ }}}\sigma$ –weak closed operator system $\text{ }R_{*}\otimes^{\wedge}S_{*}arrow R_{*}\otimes^{\vee}S_{*}$
completely isometric $\sigma-weak$ homeomorphism $\Lambda$ : $R\overline{\otimes}Sarrow(R_{*}\otimes^{\wedge}S*)$
*-preserving completely positive order isomorhic
dual $\mathrm{c}\mathrm{b}$-map cp-
Theorem 3.5 $R\text{ }S\mathrm{B}^{\backslash }\backslash ^{\backslash }\sigma$ –weak closed operator system $-C^{\backslash }R_{*}\otimes^{\wedge}S_{*}arrow R_{*}\otimes^{\vee}S_{*}$
$\phi\in CB(R_{*}, S)$ self-adjoint $\phi=\phi_{1^{-}}\phi 2,$ $||\phi||cb=||\phi_{1}+\phi_{2}||_{\mathrm{c}b}$
completely positive map $\phi_{1},$ $\phi_{2}\in CB(R_{*}, S)$
$A$ $c*$ - $A^{**}\overline{\otimes}S=(A^{*}\otimes^{\wedge}S_{*})^{*}$
Cororally 3.6 $A$ C*- $S$ von Neumann $\varphi\in CB(A^{*}, S)$ self-
adjoint $\varphi=\varphi_{1}-\varphi_{2}$ , $|| \varphi||_{cb}=\max\{||\varphi_{1}||\mathrm{c}b, ||\varphi_{2}||_{cb}\}$ completely positive
map $\varphi_{1},$ $\varphi_{2}\in CB(A^{*}, s)$
$c*$ - von Neumann Cp-
dual. dual $\mathrm{c}\mathrm{b}$-map
Wittstock, Haagerup dual dual
$\mathrm{c}\mathrm{b}$-map
Theorem 3.7 C*- $B$ , \mbox{\boldmath $\varphi$} $\in CB(A^{*}, B*)$ cp-decomposable
$A$ nuclear
136
[1] $\mathrm{D}.\mathrm{P}$ . Blecher and $\mathrm{V}.\mathrm{I}$ . Paulsen, Tensor products of operator spaces, J.Funct.Anal. 99
(1991), 262-292.
[2] $\mathrm{M}.\mathrm{D}$ . Choi and E.G. Effros, Injectivity and matrix ordered space, J. Funct. Anal. 24
(1977), 156-209.
[3]. E. Christensen, E. G. Effros and A. M. Sinclair, Completely bounded maps and $C^{*}-$
algebraic cohomology, Inventiones Math. 90 (1987), 279-296.
[4] E.G. Effros and Z.-J. Ruan, A new approach to operator spacesf Bull.Can.Math.Soc.
34 (1991), 329-337.
[5] E.G. Effros and Z.-J. Ruan, On approximation properties for operator spaces,
Int.J.Math. 1 (1991), 163-187.
[6] E.G. Effros and Z.-J. Ruan, Operator convolution algebras: an approach to quantum
groups, to appear
[7] U. Haagerup, Injectivity and decomposition of completely bounded maps, Lecture Notes
in Math. 1132 (1983), 170-222.
[8] T. Huruya, Decompositions of linear maps into non separable $C^{*}$ -algebras, Publ. Res.
Inst. Math. Sci. 21 (1985), 645-655.
[9] T. Itoh, The maximal $C^{*}$ -norm and the Haagerup norm, Math. Proc. Camb. Phil. Soc.
107 (1990), 109-114.
[10] T. Itoh, A decomposition theorem in a $Banach*$ -algebra related to completely bounded
maps on $C^{*}$ -algebras, J. Math. Soc. Japan 43 (1991), 619-630.
[11] $\mathrm{E}.\mathrm{C}$ . Lance, On nuclear $C^{*}$ -algebras, J. Funct. Anal. 12 (1973), 157-176.
[12] Z.-J. Ruan Subspaces of $C^{*}$ -algebras, J. Funct. Anal. 76 (1988), 217-230.
[13] C.-Y. Suen, A $n\cross n$ matrix of linear maps of a $C^{*}$ -algebra, Proc. Amer. Math. Soc.
112 (1991), 709-712.
[14] G. Wittstock, Ein operatorwertiger Hahn-Banach Satz, J. Funct. Anal. 40 (1981),
127-150.
137
